m LIMITS (AN INTUITIVE APPROACH)

1.1.1  LIiMITS (AN INFORMAL VIEW) If the values of f(x) can be made as close as
we like to L by taking values of x sufficiently close to @ (but not equal to a), then we
write

Illﬂ‘la Jx)=L (6)

which is read “the limit of f{x) as x approaches « is L™ or * fix) approaches L as x
approaches .7 The expression in (6) can also be written as

fix) =L as x—a (7)

The One-sided Limits

lim f(x) is called left limit xlugg f(x) is called right limi#
x—a —

1.1.3 THE RELATIONSHIP BETWEEN ONE-SIDED AND TWO-SIDED LIMITS The two-
sided limit of a function f(x) exists at @ if and only if both of the one-sided limits exist
at @ and have the same value: that is,

lim f(x)= L ifandonlyif lim f(x)=L= “",L f(x)

Two-sided Limit One-sided Limits

If lim f(x)# lim f(x) = lim f(x) = doesn’t exist (DNE)
x—a~ x—a* x—a

Notatiorn: e x — a (x approaches a from the left)
e x > at (x approaches a from the right)

EBeware:

—a =
+a = \a Only appear in limits

Example 5 Forthe functions find the one-sided and two-sided limits at x = a 1f they exist.
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Example 6 For the functions find the one-sided and two-sided limits at x = a if they exist.

AY AY AY
3F 3b e f(a) =: 3t (o) =1
f(a) = undefined €l f(a) =3 ,ﬁf (a) =2

2 [ ) 2k r ) b PEy

l y=f(x) I y = f(x) [ y=fl(x)
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Example: Find the limits from the graph

) IEmneg? () = 2 \/‘q |

® lim_ s = 2 N

@ im oo =17 N
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1. For the function g graphed in the accompanying figure, find

(@) lim g(x)= 3 (b) lim g(x)=3
x—0" x—0*
li (x) = d 0)=
(c) xl_lzlo‘!,(\) .a3 (d) g( )*'3
AY y = g(x)
\ ]
\ /
X
(8]
| | B | 1

3. For the function f graphed in the accompanying figure, find

(a) lim f(x)= =) (b) lim f(x)=3<
x—3" x— 3t

(¢) lim f(.\'):D}) & (d) f(3)=-‘)
xX—>3 AY v = flx)

s L i—l—l—l—l-.__

X
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6. For the function G graphed in the accompanying figure. find
(a) lim G(x)= (b) Iin(m) G(xy)=|

x— 0" x— 0t
(c) Iim G(x) 7-'-\
x—0

— <,
= | B ]
7. For the function f graphed in the accompanying figure. find
a i (X )= - i (x) ==
(@ lim f(x)= {0 (b) lim f(x)
© lim f(x)= = {0 d) =1
X =3
4y y = f(x)
. <4
e :
1 < 1 i
= 3 B
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x-=0 X

quixample (classic) Find liml = D))tg'

\ = '00 Xt
x—"‘\:"'x T \’b A
L L =7
pav

Various cases:
lim f(x) = {—oo -decrease without bound
xX—=a~-

00 «increase withoutgbound
x-at
X—a




Im ——=4» and |lm — = -

r=at X —=d r=a X —d 00
ok I 0 | lon =2
= YA -5
xX-»5 x
L T
im —— = lm —— = lm - = 40

r=a (X =a) .r-»a*(.l’—l?)2 1= (1 =)’

exi /lW\’-—)—— =190, ) iwa 73(,2); +0
x5 27 b(j) X-53

Vertical Asymptotes:

A vertical line x = a is called a vertical asymptote of the graph of a function f
if at least one of the following holds

P lim F(x)= +oc ., lim f(x)= —nc lim_f(x) = +oc , Nm f(x)= —oc
X e x—a xX—a

x—a’

v
] Vertical
\ ‘ Asymptote
N x I /\ x

o B Ao
nfon=FR S x=ais mn"\’w@) A Tpte
X >4

Horizontal Asymptotes:

A horizontal line y = L is called a horizontal asymptote of the graph of a function f
if either

limf(x) =L or lim f(x)=1L




= Example (classic) Find l,-mﬂ eg'/
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» Example2 Use numerical evidence to make a conjecture about the value of

lim(3x+2) _
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